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Abstract. A locally integrable function m(£, rf) defined on 1" X R™ is said 
to be a bilinear multiplier on R" of type (pi,P2,P3) if 

B m (f,g)(x)= f f m)g(v)m(t, V )e 2 ™«t +r >^dSdri 

defines a bounded bilinear operator from LPi (R n ) X L P2 (R n ) to L P3 (R n ). The 
study of the basic properties of such spaces is investigated and several methods 
of constructing examples of bilinear multipliers are provided. The special case 
where m(£, rf) = Af(£ — J7) for a given M defined on R n is also addressed. 

1. Introduction. 

Throughout the paper Coo(R") denotes the space of continuous functions defined 
in R™ with compact support, <S(R n ) denotes the Schwartz class on R", i.e. / : R n — > 

C such that / G C°°(R") and x a is bounded for any 3 = (3i,...,8 n ) 

and a = (a±, a n ) where x a = x" 1 ...x" n and \B\ = 3\ + ... + B n and V(M. n ) 
stands for the set of functions in <S(R n ) such that / G Coo(R") where /(£) — 
J R n f(x)e- 2 ^ x '^dx. 

We shall use the notation Ai p , q (M. n ) (respect. .M P , 9 (R™)), for 1 < p, q < 00, for 
the space of distributions u G S'(R") such that w * ^ £ L«(l") for all <p G L P (R") 
(respect, for the space of bounded functions m such that T m defines a bounded 
operator from L?(R n ) to L q (R n ) where 7\J$)(£) = m(£)/(f).) We endow the 
space .Mp i(? (R n ) with the "norm" of the operator T m , that is \\m\\ p q — \\T m \\. 

Let us start off by mentioning some well known properties of the space of linear 
multipliers (see [HE]): M p , q (R n ) = {0} whenever q < p, M p>q (R n ) = M q > !P >(m. n ) 
for 1 < p < q < 00 and for 1 < p < 2, My(M") c M P)P (R n ) C jW 2)2 (R"). We 
also have the identifications 

_M 2 , 2 (Ifr) = L°°(R n ), 
■Mi,,(R n ) = {ti G <S'(K n ) : u G L 9 (R")}, 1< 9 < oo, 
7Wi,i(R") = {w G S'(R n ) :ii = (i£ M(R n )}. 
In this paper we shall be dealing with their bilinear analogues. 

Definition 1.1. Let 1 < p\,P2 < oo and < ps < oo and let m(£,r)) be a locally 
integrable function on R" x R™ . Define 

B m (f,g)(x)= [ [ /(()sW™(^)e 2 " ,((f+v »* 
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for /, g G 

m is said to be a bilinear multiplier on K™ of type (pi,P2,P3) if there exists C > 
smc/i that 

\\B m (f,9)\\ P3 <C\\f\\ Pl \\g\\ P2 
for any f,g£ ViW 1 ), i.e. B. m extends to a bounded bilinear operator from L P1 (IR n ) x 
LP 2 (WL n ) to LP 3 (R n ) (where we replace L°°(R n ) for C (R") in the case Pi = oo for 
i = l,2). 

We write BM.tp ltP2tP3 \(W n ') for the space of bilinear multipliers of type (pi,P2,P3) 
and ||m|| Pl j, 2 ,p 3 = ||B m ||. 

The study of bilinear multipliers for smooth symbols (where m(£, rf) is a "nice" 
regular function) goes back to the work by R.R. Coifman and Y. Meyer in [6]. 

Particularly simple examples are the following bilinear convolution-type opera- 
tors: For a given K G Lj oc (M. n ) we define 

(1) C K (f,g)(x)= f f(x-y)g(x + y)K(y)dy 

for / and g belonging to Coo(K n )- 

If K G L 1 (E") then m(f, rj) = if (£ - n) defines a multiplier in BM {puP2 , P3) (M. n ) 
for 1/pi + l/p 2 = l/p 3 if p 3 > 1 and ||m|| pl , P2 ,p3 < 

Indeed, for / and g G S(R), one has f(x - y) = / R „ /(^e 2 ™^'^^ and 
5(2; + y) = L n g{rf)e 27r%i ' x+v,rl1 ^ dn. Hence we have 



C K {f,9)(x) = / f{x-v)g{x + y)K(y)dy 

f{Og(v)K{y)e 2m{x - y ^e 2m{x+y ' 1l) d£,dr]dy 
KOm( I K(y)e- 2 ^-^dy)e 2 ^ + ^dCdn 



g(v)f(OK^~v)e 2m{ ^ x) d^df 1 . 

This motivates the introduction of the following class of multipliers. 

Definition 1.2. Let 1 <pi,p2 < oo andO < P3 < oo. FKe denote by ■M(p 1 , P2 , P3 ) (R") 
i/ie space of measurable functions M : R™ — » C s«c/i £/iai m(£,rf) = M(£ — 77) G 
BjM( Pl) p 2i p 3 )(M), i/iai zs to sat/ 

B M (f,g)(x)= [ f KmivWiZ-rie^^dZdr) 



extends to a bounded bilinear map from L Pl (W l ) x L P2 (R") mto £ P3 (R"). We fceep 
i/ie notation \\M \\ Pl . P2 . P3 = \\Bm ||. 

It was only in the last decade that the cases Mo (a;) = \ x ^_- a were shown to define 
bilinear multipliers of type (pi,P2,P3) for l/p3 = 1/pi + l/p2 — & for 1 < pi,P2 < 
00 and < a < 1/pi + l/p2 (see ^ in Theorem II .3[) and, in the case n = 1, 
Mi (a;) = —isign(x) was shown to define a bilinear multiplier of type [pi,P2,Pa) 
for l/p 3 = 1/pi + l/p2 for 1 < pi,p2 < 00 and pz > 2/3 (see (f2j) in Theorem 
II. 3p . These two main examples correspond to the following bilinear operators: the 
bilinear fractional integral defined by 

t ft \t \ f f( x ~y)9(x + y) , „^ ^ 1 

ia{f,g){%)= / nr^ d ^ °< a<1 

jr \y\ 
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and the bilinear Hilbert transform defined by 

F(/ Ifl) (x) = i im i/ f±^M*±A dy 
£ ^ 07T Av\>e y 

respectively. 

Let us collect the results about their boundedness which are known nowadays. 

Theorem 1.3. Let 1 < p\,p^ < oo, < a < l/p\ + l/p2, 1/q — 1/pi + 1/-P2 — ct, 
1/^3 = 1/pi + I/P2 an d 2/3 < ps < 00. Then there exist constants A and B such 
that 

(2) \\H{f,g)\\ P3 < A\\f\\ pi \\g\\ P2 (Lacey-Thiele, MM), 

(3) ||/a(/,fl)||, < B||/|| P1 ||3|U. (Kenig-Stein [H], Grafakos-Kalton [TOj ). 

Our objective is to study the basic properties of the classes BM( Pl P2 P3 )(R) and 
,P2,pa(^)^ ^0 find examples of bilinear multipliers in these classes and to get 
methods to produce new ones. 

As usual, if / G L 1 (M. n ) we denote by t x , M x and D v t the translation T x f(y) = 
f(y - x) for x G R", the modulation M x f(y) = e 27rl ^>/(?,) an d the dilation 
D p t f{x) = t- n /Pf(^) for < p, t < 00. 

With this notation out of the way one has, for 1 < p < 00 and l/p+ 1/p' = 1, 

(4) = m_ J(0, (mj)(0 = tJ(0, (5f/)(o = < 1 /(6- 

Clearly t x , M x and D\ are isometries on L P (R") for any < p < 00. 

Although most of the results presented in what follows have a formulation in 
n > 1 we shall restrict ourselves to the case n = 1 for simplicity. The reader is 
referred to [2J [3J [H [H [7] for several similar results on other groups, and to find same 
methods of transference. 



2. Bilinear multipliers: The basics 

Let us start by pointing out a characterization, forp3 > 1, in terms of the duality, 
whose elementary proof is left to the reader. 

Proposition 2.1. Let 1 < p 3 < 00. Then m G BM( P1 _ P2 ^ P3 )(R) if and only if there 
exists C > such that 

I Rmv)H^ + vM^v)^dr]\<C\\f\\MpAh\\p' 3 

Jm. 2 

for all f,g,heV(R). 

We now present a basic example of a bilinear multiplier. For a Borel regular 
measure in R we denote = L e~ 2 ' Klx ^ d^{x) its Fourier transform. 

Proposition 2.2. Let p^ > 1 and 1/pi + I/P2 — 1/.P3 and letm(£,,rj) — jl(a^ + (3rj) 
where /i is a Borel regular measure in R and (a, /?) G R 2 . Then m G BA4 ( Pl ^ 2jP3 )(R) 
and |H|p 1:P2iP 3 < 
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Proof. Let us first rewrite the value B m (f,g) as follows: 

B m (f,g)(x) = [ /(OffWMaf + ^e^^dfA) 

Jr 2 

= [ f(Z)9(v)( f e- 2nl{a ^ v)t d^(t))e 2 ^+^ x d^dr] 
Jr 2 Jr 

= [([ f($g(v)^ i *~* ) *^ la ~ fit)v dtdri)dii(t) 
Jr Jr 2 

= / f(x-at)g{x- Pt)dfj,(t). 
Jr 

Hence, using Minkowski's inequality, one has 

\\B m (f,9)\\ P3 < I \\f(--at)g(--pt)\\vM(t) 
Jr 

< Jjf(--at)\\ Pl \\g(--f3t)\\ P2 d\[i\(t) 

= ll/lkllfflU j[%IW = lli"l|i|l/IUNU- 

■ 

Let us start with some elementary properties of the bilinear multipliers when 
composing with translations, modulations and dilations. 

Proposition 2.3. Let m G SA / J(p li p 2 ,p 3 )(R). 

(a) If mi G M supi (R) andm 2 G M S2:P2 (R) then mi(£)m(f;, ry)m 2 (r?) G BM( SliS2i 
Moreover 

||mimm 2 [[ Sl , S2 ,p3 < ||mi|| Sl , Pl \\m\\ PuP2 ,p 3 \\m 2 \\ S2 ,p 2 

( b ) T (Ao,vo) m e S ^(pi, P2 ,P3)( K ) f or each (£o,%) e R 2 a"rf 

l T (4o,»)o) m llpi,P2,P3 = ll m llpi,P2-P3- 

(c) M (£o ^ o) m G SA^( Pl , P2 ,p 3 )(M) for each (£a,r) ) G M 2 and 

H-^(?0,')o) TO llpi>P2,P3 = ll m llpi,P2,P3 

(d) // | = ± + ± - ± and < t < oo then D q t m G BM {pi , P2:P3) (M.) and 

\\Dt m llpi,P2,P3 = ll m llpi,P2,P3 ' 

Proof. Use ^ to deduce the following formulas 



(5) B mimm2 (f ', — B m (T mi f,T m2 g). 

(6) B TUovo)m {f,g) = M io+r , B m {M^J,M. Vo g). 

(7) B M((orio)m (f, g) = B m {r-(_J, T- no g). 

(8) B m {D^f.Dr-g) = DfB Dlm {f,g). 
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Let us check only the validity of last one. The other ones follow easily from the 
previous facts. 

B m {D^f,Dfg){x) = J a &f(tt)t%§fa)m(t,ri) ( W^>dZdTi 

t% /(0*^ g{v)m(-,-)e 2vi tt +T >nt- 2 d£dr] 

t~~^ [ f(0g(n) t ~^~^ + ^M-,-)e 2m{i+v)2t d£dr) 
Jr 2 t t 

D?B Dfm (f,g)(x). 



From (|S]) we can see that the condition 1/pi + I/P2 = l/f>3 is also connected to 
the homogeneity of the symbol. 

Proposition 2.4. Let m G BM/ pliP2>P3 \(M) such that m(t£,tr]) = rn(^,rf) for any 
t > 0. Then JL + JL = JL. 

Pi P2 Pi 

Proof. From assumption D^°m = m. Using (jSJ) we have 

B m (D^f,D?g) = t l '^-^ +l '^DfB m {f,g) 

and therefore 

\\B m (f,9)\\ Ps = \\D?B m (f,g)\\ P3 

= t- l ^ + ^ +1 ^\\B m {D^f,Dfg)\\ P3 

< t- l /^ + ^ + y^B m \\\\f\\ P M\p^ 

For this to hold for any < t < oo one needs 1/pi + l/p2 = 1/P3- B 

Let us combine the previous results to get new bilinear multipliers from a given 
one. 

Proposition 2.5. Let p$ > 1 and m G BA / l( pi)P2! p 3 )(R). 

(a) If Q = [a,b] x [c, d] and 1 < pi,p2 < oo then mxQ G BA^( pii p 2iP3 ) (R) and 

\\ m XQ\\ P!,p 2 ,P3 — C|l m llpi,P2,P3- 

(b) //$ G L 1 (R 2 ) then<Z>*m G BM {pitP2tP3 ){M) and\\<S>*m\\ PuP2tP3 < ||$||i||m|| Pl ,p 2 , ; 

(c) If^£L 1 (R 2 )then^m£BM {pi , P2 ^ 3) (R) and\\$m\\ Pl , P2lP3 < ||$||i||m|| PliJ)2 , P 3. 

(d) If 4, g then m^,rj) = m(tt;,tr))i>(t)dt G BM (puP2>P3) { 
Moreover ||m^|| Pl , P2)P3 < \\ip\\i\\m\\ PuP2>P3 . 

Proof, (a) Use that X[a,b] £ -Mpi.pi for 1 < R < oo and X[c,d] £ M. P2 ^ P2 f°r 
1 < P2 < oo together with Proposition 12.31 part (a) . 
(b) Note that 

5#*m (/,<?)(*) = f f(0g(v)(f m(t~u, V -v)<S>(u,v)dudv)e 2 ^+^dtdr, 
Jr 2 Jr 2 



( / /(OsfoMf -u,V~ v)e 2m{i+r ' )x d^dr])^(u, v)dudv 
Jr 2 

B T (u ,^m(f, g)(x)$(u,v)dudv. 
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From the vector- valued Minkowski inequality and Proposition 12.31 part (b) , we 
have 



||-B«.m(/,S)||p a < / \\ B r (u ^m(f^)\\p 3 Mu,v)\dudv 

Jr 2 

< IMU,P 2 ,P 3 ll/IUIIsllp 2 ll $ l|l- 

(c) Observe that 

B im {f,g){x) = [ f(09(v)([ M ( _ Ut _ v) m(^7 1 )^v)dudv)e 2 ^ + ^d^d V 
Jr 2 Jr. 2 

Bm,_ u _ v)m (f,g)(x)$(u,v)dudv. 



Argue as above, using now Proposition 12.31 part (c), to conclude the result, 
(d) Use now Proposition O part (d), for £ - (JL + JL) = _|, 



B D « im (f l9 )(x)t' 2 ^fat)dt. 

t— 1 



With all these procedures we have several useful methods to produce multipliers 
in BA4( PltP2iP3 )(M.). Let us mention one application of each of them. 

Example 2.6. (1) If i + ^ = ±, mi G M( PuPl ) and m 2 € M( P2 ^ P2) then 
m (£,,v) = ■mi{S)m 2 {n) 6 BM PuV2tP3 . 

(2) If m G SA^( Pl .p 2 .p 3 ) (M), P3 > 1 and Qi,Q 2 are bounded measurable sets in 
R i/ien 

Mr> I / m{£_+u,ij + v)dudv e BM {puP2 . P3) {M.). 

\Wl\\Q2\ JQ lX Q 2 

(3) If $ G ^(R 2 ) fften <f> G BM (pi , P3lP3 )(K) /or £ + £ = JL, p 3 > 1. 

(4) J/m G BM ipuP2 , P3) (R), \± + ±-±\<l then 

POO 



f°° dt 
Jo 



(pi,P2,P3)* 



A combination of the previous results gives the following examples of bilinear 
multipliers in SMn i )P3 )(R) whose proof is left to the reader. 

Corollary 2.7. Let $ G L 1 ^ 2 ), fa G L Pl (R) and fa G L P2 (R) and i + i = 
J- < 1 tfien 

P3 — 

ro(£,»j) =^i(0^(f,»7)^a(»7) 6 BM {hhP3) (R). 

Let us use Proposition 1 2 . II and interpolation to get a sufficient integrability con- 
dition to guarantee that to e BAi( Pl ^ P2 ^ P3 ) (R). 

Theorem 2.8. Let 1 < pi,P2 < P < 2 and ^3 > p' such that ~p\ + ~p\ ~ § = p~- -tf 

to G L P (R 2 ) iften m G SA^ (pi!P2iP3) (R). 
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Proof. Let us show first that m G S.M( PiPi00 )(]R). Let /, g G i p (R) and /i G L 1 ( 
Using Holder and Hausdorff- Young's inequalities one gets 



1/ 

Jr 



f(09(v)Ht + v)m(t,ri)dtdr]\ < |M|lp(r 2 ) II^UI/Hp' llffllp' 

R 2 

< Ilmllip^jllftllill/Hpllflllp. 
Similarly, changing the variables £ + 77 = u, £ = —v, one has 

/ f(09(v)H^ + v) m (^v) d ^dr] = / f(-v)g(u + v)h(u)m(-v,u + v)dvdu. 

JR 2 JR 2 

An argument as above gives also the estimate 

f(-v)g(u + v)h(u)m(-v, u + v)dvdu\ < ||m|| LP(K 2) ||ff||i||/||p||/i|| p . 



1/ 

Jr- 



This shows that m G BA4( p 1 P ')(R)- A similar argument shows also that m G 
Given 1 < r>\ < p and p' < m < 00 with -i — 4- = - we have < < 1 such that 

_ — f f — fa — pi P3 P — — 

pk = + f and ph = ^ + ¥■ Hence ' b y interpolation, m G SM^p^M). 
Similarly m G SA / t( p .p 2 .q 3 )(K) whenever 1 < p 2 < p and p' < q 3 < 00 with 

_1 1_ _ 1 

pi q-i p ' 

To finish the proof we observe that if 1 < p\ < p and 1 < p 2 < p then for each 
< 9 < 1 there exist 1 <p\ <p\ < p and 1 < p 2 < P2 < P such that 

l_I = (1 _ e)( ^_I), 1-I = 9( 1_I). 

Pi P Pi P 

Denoting p 3 , g 3 the values such that i — 

1 = (1-g) | g 1 = (1 - 0) | 1 = (1 - g) | 6 

Pi Pi V P2 P Pi' P3 P3 93' 

Hence the result follows again from interpolation between the last ones. 



P2 P 




P2 P 


= 4- and 


j_ 


_ 1 _ J_ 


P3 


pi 


P ~~ 93 




1 


(1-0) 








Pi 


P3 


P3 



3. Bilinear multipliers defined by functions in one variable 

Let us restrict ourselves to a smaller family of multipliers where m(£, 77) = M(£ — 
ry) for some M defined in R. These multipliers satisfy 

(9) B m (M x f,M x g) = M 2x B m (f,g). 

As in the introduction we use the notation A4 PljP2iP3 (IR) for the space of functions 
M : M ->• C such that m(£, rj) = M(£ — rj) E BM {pitP2tPa) (R), that is to say 

B M (f,g)(x)= [ /(OsMMK-fl)^'' 1 ^, 

JR 2 

defined for / and 5 compactly supported, extends to a bounded bilinear map from 
Z^(R) x LP 2 (M) into LP 3 (R). We keep the notation ||M|| pi;P2iP3 = ||S M ||. 

The reader should be aware that the starting assumption on the function M is 
only relevant for the definition of the bilinear mapping to make sense when acting 
on certain classes of "nice" functions. Then a density argument allows to extend 
functions belonging to Lebesgue spaces. We would like to point out the following 
observation. 
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Remark 3.1. If M n G M( PltP2iP3 )($l) are functions such that M n (x) — > M(x) a.e 
and sup„ ||M„|| < oo then M 6 M( Pl , P2 , P3 ) (K) and || M ||p 1: p 2 ,p 3 < sup„ || M„|| PljP2j p 3 . 
Indeed, this fact follows from Fatou 's lemma, since 

\\BmU, g)\\ P3 < liminf \\B Mrl (f, g)\\ P3 <sup||M„|| 

PI-.P2-P3 11/ llpi Il9llp2 ■ 

n 

Remark 3.2. T/ie case Af(x) = i^i-a (and even the n-dimensional case) corre- 
sponds to the bilinear fractional integral. This was first shown by C. Kenig and E. 
Stein in [IT] to belong to -M ( PliP2iP3 )(R) for any 1 < p\,p2 < oo, < a < l/pi+l/p2 
and l/pi + l/p2 = 1/.P3 — ct. Another very important and non trivial example is 
the bilinear Hilbert transform, given by M(x) — —isign{x), which was shown by M. 
Lacey and C.Thiele in [T^lIISl ?] to belong to .M( PliP2iP3 )(K) for any 1 < P\,P2 < oo, 
l/pi + I/P2 = 1/^3 and pz > 2/3. These results were extended to other cases in 
[TU] and [SJ E] respectively. 

We start reformulating the definition of this class of bilinear multipliers. 

Proposition 3.3. Let M e Lj oc (R), f,g G P(R). Then 



(10) 



B M (f,g)(x) = 



/( 



U + V „ u — V 



-m- 



)M{v)e^ iux dudv 



(11) 



B M {f,9){-x) = / (M*M)K)rJ(^e. 



(12) 



B M (f,9)(x) = ~C M (D{ /2 f,D{ /2 g)(x). 



Proof. (HHJ) follows changing variables. 
To show (ITT1) observe that 



B M (f,g)(-x) = 



r,f{i)^g{v)M{i - n)d^dn 

2 

( f ^g(v)M(£ - ridrifefffidZ 
Js. 



Finally, using (TIT)]) , we have 



B M (f,9)(x) = \i '(/ fC^)g{^)M{v)dv)e^dv 



This implies (TT 

For symbols M which are integrable we can write Bm in terms Ck for some 
kernel K. 

Proposition 3.4. Let M € L X (R) and se£ K(t) = M(-t). Then B M = C' K , i.e 
B M (f,g)= I f{x~t)g{x + t)K{t)dt 
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Proof. 

C K (f,g)(x) = [ f(x-t)g(x + t)M(-t)dt 
Jm 

= [([ HQ9(v)e 2ni{x ~ t)S e 2 ™ {x+t)n d£dri)M(-t)dt 
Jm Jm 2 

= I f(Og(v)(f M(t)e 27vi ^- v)t dt)e 2ni ^ +ri)x d^dr] 
Jm 2 Jm 

= B M (f,g)(x). 



This class does have much richer properties than BM( Pl P2 P3 )(R)- As above use 



the notation ft(x) = D]f{x) = 7/(7) for a function / defined in R. The following 



facts are immediate. 

(13) T y B M (f, g) = B M (T y f, T v g), y G R. 

(14) M 2y B M (f,g) = B M (M y f,M y g),ye K. 

(15) (B M (f,g)) t =B D r M (f t ,g t ),t>0. 

t- 1 

When specializing the properties obtained for m(^,rj) to the case M(£ — 77) we 
get the following facts: 

(16) B M (T- y f, r y g) = B My M(f, g),yeR. 

(17) B M (M y f,M_ y g) = B T2yM (f,g),y£ R. 

For - = — + — we have 

q pi P2 p:i 

(18) B M {Bff,Dfg) = D?B DlM (f,g),t> 0. 

As in the previous section we can generate new multipliers in M.( Pl . P2 iP3 )(R). 

Proposition 3.5. Let p 3 > 1, <f> G L 1 (R) and M G .M( Pl;P2iP3 )(M). Then 

(a) ^ * M e M {puP2 , P3) {m.) and ||<£ * M|| Pl;P2iP3 < ||</»||i||M|| PliP2iP3 . 

(b) (j)M G -M( P1;P2 , P3 )W and ||^M|| Pl , P2;P3 < |M|i||M|| Pl , P2;P3 . 

(c) If $ G i 1 (R + ,i* _( " + - ) ) thenM^(0 = / °° M(^(t)dt G A4 (pi , P2 , P3) (R). 
Moreover ||M^|| PliP2iP3 < ||^||i||M||p liP2) p 3 . 

Proof, (a) Apply Minkowski's inequality to the following fact: 

B* M {f, g){x) = f f(0g(v)( I M{i - r, - u)<f>(u)du)e 2 ^ + ^ d^drj 
Jm 2 Jm 

= [([ - V)e 27r ^ +r,)x d^drj)e 2 ^^(u)du 

Jm Jm 2 

M U B M {M- U f, g)(x)4>{u)du. 
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(b) Observe that 

BM_ u m(f,g)(x)4>(u)du. 



Use now Minkowski's again and (fir?)) , 
(c) Write + £) = -!, 

Bd' iM {f,g){x)t- x /^(t)dt. 
The result follows from (fl8|) and Minkowski's again. 

Proposition 3.6. Letp 3 >l,<f>e L 1 (M) andM e .Mfp^^QR). Thenm(£,ri) 

Proof. Apply Young's inequality to the following fact: 

B m (f,9)(x) = [ /(()fl(»))M(C - ^)( / ^(i/Je- 2 "^^*)^-^)^^ 
( / f(09(v)M(Z - ^e^+^^d^dr^dy 

<t>* B M (f,g)(x). 



Let us show that the classes A4( Plj p 2i p 3 )(R) are reduced to {0} for some values 
of the parameters. 

Theorem 3.7. Let p 3 > 1 such that i + i < i. TTien -M (pi ,p 2! p 3) (IR) = {0}. 



Proof. Let M 6 A^(p liP2i p 3 ) (R). Using Proposition 13.51 we have that <ft * M £ 
A^(p liP2 p 3 ) (M) for any </> continuous with compact support. Hence we may assume 
that M G Using Proposition 13 .41 one has that 



B M (f,g)(x)= / f(x-t)g(x + t)M(-t)dt 

J(x+B R )n(-x+B R ) 

for any / and g continuous functions supported in a ball Br — {\x\ < R}. Therefore 
one concludes that supp(BM{f, g)) C B 2 r in such a case. On the other hand for 
any compactly supported function h, < p < oo and y big enough one can say that 
\\h±T y f\\ p = 2^\\f\\ p . 

Consider {rk} the Rademacher system in [0, 1] and observe that, for each JVeN 
and y G IR, the orthonormality of the system gives 

1 N N N 

/ B mC^2 r k( t ) T kyf, r k( t ) T kyf)dt = ^2 B M(Tkyf, T ky g) 
•'° k=0 fc=0 fc=0 
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Therefore, since Y,k=o B M{Tk v f,r ky g) = Y,k=o T ky B M{f, g), we conclude that for 
y big enough 

N 



\J2rkyB M (f,9W P l = (N + l)\\B M (f,g)\\l 



IIS- 

k=0 



On the other hand, for p% > 1, 

N N 

Bm(Y] r k (t)T ky f, ^2 rk{t)Tk v g)dt\ 



< 



< 



Pa 

k=0 k=0 
1 N N 



\\B M (^r k {t)T k yf,^r k (t)T ky g)\\ P3 dt 

k=0 k=0 
N N 

\Bm\\ II r k(t)T ky f\\ pl || Y, r k {t)T ky g)\\ P2 dt 



k=0 fc=0 

N N 



< \\B M \\ sup ||Vr fe (t)T fey /|| Pl sup || Vr fc (t)T fcy5 || 

0<t<1 fe=o 0<t<1 fcO 

< \\B M \\(N + iy^\\f\\ Pl (N + iy^\\g\[ 



IP2- 

This implies that (N + l) 1 /!* \\B M (J, g)\\P* < C{N + l)Vw+V» ||/|| pi || 5 || p2 . 
Hence + l/p 2 > 1/P3- ■ 

The following elementary lemma is quite useful to get necessary conditions on 
multipliers. 

Lemma 3.8. Let M e M(p uP2tP3 )(M). I f^ = p \ + p \- p ^ then there exists G >0 
such that 

( e- x2 ?M{t)dJi\<C\\M\\ Pl , P2 , P3 \\- 1 
jr 

for any A > 0. 

Proof. Let A > and denote G\ such that Ga(£) = e~ 2A ^\ Using (jTOJ) one 
concludes that 

B M (G x ,G x )(x) = \ ( e- x2v2 e- x2u2 M(v)e 2mux dudv 

* JR 2 

= hi e- x " v2 M{v)dv)(\ [ e- u2 e 2 ^du) 
2 Jr A Jr 

= Cje^ 2 ^(J e- x2v2 M(v)dv). 

Since ||Ga||p = CpA? -1 and M £ M( Pl . P2 , P3 )(M) one gets that 
\\B M (G X ,G X )\\ P3 =C\ J e- x2v2 M(v)dv\\™~ x < C , ||M|| pl , Rll p,A«- 1 A«- 1 . 

i-i 



Therefore | / R e- A2 « 2 Af(0^l < C\\ M \\ PuP2 , P3 A 

Theorem 3.9. If there exists a non-zero continuous and integrable function M 
belonging to 7W( pi jP2 P3 ) (R) then 

1111, 
— <— + —< — + 1. 

P3 Pi P2 P3 
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Proof. Assume first that ^- + ^- < -L. Use Lemma T3.8I applied to T_2 y M for any 
j/6R together with (fT6)) to obtain 



|A / e~ A « M(Z + 2y)dZ\<C\\M\\ puP2>P3 \«. 
Jr 

Therefore, using the continuity of M and q < one gets 

lim |A f e- A2 « 2 M(C + 2y)^| = |M(2y)| = 0. 

Hence M = 0. 

Assume now that i + i — i > 1. Using again Lemma T3. 81 applied to M y M, 
together with (fTT)) we obtain 

e- A2 « 2 Af(0e 2 ^^| < CIIMHp^.p.Ai- 1 . 

Therefore, taking limits again as A — > 0, since 1/q — 1 > wc get |Af = 0. Hence 
M = 0. ■ 

Corollary 3.10. fsee [Ml Prop 3.1]; Le£p 3 > 1 swc/i that p \ + p \< p \or± + p \> 
i + Tften^ (pi , P2 , P3 )(M) = {0}. 

Proof. Let M G A4( pii p 2jP3 ) (R). From Proposition 13.51 we have that <f> * M G 
A^( PliP , ! p 3 )(IR) for any </> compactly supported and continuous. Now use Theorem 



13.91 to conclude that <j) * M = for any compactly supported and continuous <j>. 
This implies that M = 0. ■ 

Let us now use some interpolation methods to get more examples of multipliers 
in A / t(p 1] p 2j p 3 )(M). First note that, selecting a — 1 and j3 = — 1 in Proposition 12.21 
we obtain the following simple example. 

Proposition 3.11. //^ G M(R) i/ien M = £ G M (pi:P2m) (R) for± + ± = i < 1 
and ||M|| < ||/x||i. 

Theorem 3.12. Let J- < J- + i < min{2, -i- + 1}. If M G L 1 (R) and M = X 

P3 — Pl P2 — L ' P3 J J _ 

for some K G L 9 (R) w/iere — + - — ^- = 1 — - then M G A4( PliP2;P3 )(IR) with 
\\M\\ PuP2tP3 <C\\K\\ q . 

Proof. Consider the trilinear form 



T(KJ,g)= f f(x-t)g(x + t)K(t)dt. 
Jr 



From Proposition 13.41 we have %(/,()) = T(K,f,g) for M — K. Now use Propo- 
sition GUT] to conclude that T is bounded in L 1 (M) x L«(R) x L 92 (R) -> L S1 (R) 
where — + — = — < 1 and it has norm bounded by 1. 

91 92 si — J 

Assume first that ^- + \ < 1 . Hence T is bounded in L 1 (R) x L Pl (R) x i? 52 (R) -> 
L P (M.) for — + — = i. 

V ' Pl P2 p 

On the other hand, using Holder's inequality 

sup| / f(x-t)g(x + t)K(t)dt\<\\f\\ pi \\g\\ p2 \\K\\p'- 



This shows that T is also bounded in LP (R) x L Pl (R) x L P2 (R) ->■ i°°(R). There- 
fore, by interpolation, selecting < 9 < 1 such that ^ = -^p, one obtains that T 
is bounded in L«(R) x ^(R) x LP 2 (R) -> L*> 3 (R) for i + JL _ JL = i _ I. 



NOTES ON THE SPACES OF BILINEAR MULTIPLIERS 



Assume now that 1 < — + — < 2. 

Pl P2 — 

Using that J R f(x — t)g(x + t)dt = f * g{Zx), Young's inequality implies that 



1/ 

JR 



f(x-t)g(x + t)K(t)dt\\ r3 < \\K\U\Dr f m*\9\)\\r 3 <C\\f\\ r M\r 2 \\K\ 



whenever ^ + ^ > 1 and ^_ + _L _ 1 — _L . 

Hence T is bounded in L°°(M) x L P1 (R) x LP 2 (R) L?(R) where ^- + ^ - 1 = 
i < 1. 

P Using duality, {T{K, f, g), h) = (T(h, f, g), K), where f(x) = /(-*, that is 

/ f(x - t)g(x + t)K(t)h(x)dtdx = / ( / f(t - x)g{x + t)h{x)dx)K{t)dt. 
Jr 2 Jr Jr 

Therefore T is also bounded in i/(R) x L Pl (R) x LP 2 (R) -> L^R). 

Select < < 1 such that — = i + 4-- Now using interpolation T will be 

— — P3 P P O Jr- 

bounded in L 9 (R) x L Pl (R) x L P2 (R) — > L P3 (R) for i = £ = i-I = JL--L-JL+1. 
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